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Abstract 
Core Ideas 
• Two methods, AWIGF and second‐order BMO, were evaluated on long‐ and short‐probe 
TDR waveforms. 
• A corner‐preserving filter was designed to improve the performance of AWIGF. 
• With the new filter, AWIGF performance was consistent with second‐order BMO analysis. 
Adaptive waveform interpretation with Gaussian filtering (AWIGF) and second‐order bounded mean 
oscillation Z2(u,t,r) are time domain reflectometry (TDR) analysis models. The AWIGF was originally 
designed for relatively long‐probe (>150 mm) TDR waveforms, while Z2(u,t,r) was originally designed for 
relatively short‐probe (<50 >mm) TDR waveforms. The performances of AWIGF and Z2(u,t,r) on both long 
and short TDR probes have not been evaluated. The main objective of this study was to evaluate 
theoretically and experimentally the AWIGF and Z2(u,t,r) performances on long and short TDR probes. The 
evaluations are performed via mathematical analysis, and measurements of long probe and short probe 
waveforms in CaCl2 solutions with various electrical conductivities (EC), adding Gaussian noise, and 
testing the stability of Z2(u,t,r) and AWIGF. A corner‐preserving filter (CPF) is proposed to improve the 
stability of AWIGF on short‐probe TDR waveforms. The CPF preserves the second order derivatives of the 
waveforms, and emphasizes the reflection positions (t2) compared to the original Gaussian filter. Both 
theoretical and experimental tests illustrate the consistency of Z2(u,t,r) and AWIGF. The standard 
deviations of relative permittivity (εr) are <5% for all noise levels. In conclusion, Z2(u,t,r) and AWIGF can 
provide stable analysis for long and short probe TDR waveforms. The AWIGF with CPF is capable of 
stably analyzing challenging short probe TDR waveforms. The original AWIGF exhibits the lowest 
standard deviation of εr at a given EC, whereas AWIGF with CPF filter exhibits the lowest bias of εr across 
solutions varying in EC. 
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A Comparison of Second-Order 
Derivative Based Models for 
Time Domain Reflectometry 
Waveform Analysis
Zhuangji Wang,* Robert Schwartz, Yuki Kojima, Yan Chen, 
and Robert Horton
Adaptive waveform interpretation with Gaussian filtering (AWIGF) and sec-
ond-order bounded mean oscillation Z2(u,t,r) are time domain reflectometry 
(TDR) analysis models. The AWIGF was originally designed for relatively long-
probe (>150 mm) TDR waveforms, while Z2(u,t,r) was originally designed for 
relatively short-probe (<50 mm) TDR waveforms. The performances of AWIGF 
and Z2(u,t,r) on both long and short TDR probes have not been evaluated. The 
main objective of this study was to evaluate theoretically and experimen-
tally the AWIGF and Z2(u,t,r) performances on long and short TDR probes. The 
evaluations are performed via mathematical analysis, and measurements 
of long probe and short probe waveforms in CaCl2 solutions with various 
electrical conductivities (EC), adding Gaussian noise, and testing the sta-
bility of Z2(u,t,r) and AWIGF. A corner-preserving filter (CPF) is proposed to 
improve the stability of AWIGF on short-probe TDR waveforms. The CPF pre-
serves the second order derivatives of the waveforms, and emphasizes the 
reflection positions (t2) compared to the original Gaussian filter. Both theo-
retical and experimental tests illustrate the consistency of Z2(u,t,r) and AWIGF. 
The standard deviations of relative permittivity (er) are <5% for all noise levels. 
In conclusion, Z2(u,t,r) and AWIGF can provide stable analysis for long and 
short probe TDR waveforms. The AWIGF with CPF is capable of stably analyz-
ing challenging short probe TDR waveforms. The original AWIGF exhibits the 
lowest standard deviation of er at a given EC, whereas AWIGF with CPF filter 
exhibits the lowest bias of er across solutions varying in EC.
Abbreviations: AWIGF, adaptive waveform interpretation with Gaussian filtering; BMO, 
bounded mean oscillation; EC, electrical conductivity; TDR, time domain reflectometry; 
TL-BMO, tangent line/second-order bounded mean oscillation; T-TDR, thermo-time do-
main reflectometry; TV, total variation.
Time domain reflectometry (TDR) is an electromagnetic technique used to 
measure in situ volumetric soil water content (qv) (Noborio, 2001). The TDR waveforms 
can be considered as a digital signal of reflection coefficient values collected with respect 
to time (Oswald et al., 2003). Soil relative permittivity (er), which is related to qv, i.e., 
qv = qv(er), can be estimated with TDR waveforms (Topp et al., 1980; Roth et al., 1990). 
Determining the first reflection position (t1) and the second reflection position (t2), espe-
cially t2, are the basic steps in TDR waveform analysis.
When TDR sensors have probes longer than 150 mm, relatively stable measurements are 
provided; however, there could be a variation of qv along the probes. Determining qv along 
the probes is complicated (Heimovaara et al., 2004), which limits the usefulness of long-
probe TDR for small-scale measurements. Thermo-time domain reflectometry (T-TDR) 
sensors have relatively short TDR probes (40–50 mm). The T-TDR sensors are used in 
a wide variety of measurements within the vadose zone (Ren et al., 2005; Kojima et al., 
2014; Tian et al., 2015). The T-TDR sensors measure both thermal and electrical proper-
ties simultaneously at the same location. The short-probe design of a T-TDR sensor makes 
it suitable for small-scale measurements, and qv usually does not vary much along the 
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short probes. However, as the probe length becomes shorter, there 
is a possibility for superimposition of multireflections along the 
transmission line, which may bias the shapes of TDR waveforms, 
leading to instability in determining t2 and qv. Thus, long-probe 
TDR waveforms and short-probe TDR waveforms must be treated 
as two different cases, and different methods have been developed 
for analyzing long-probe and short-probe waveforms.
The tangent line method can be used for automatic TDR wave-
form analysis. It uses t0 (or an anchor point) and the most rapidly 
increasing point (the second inflection, tmaxV2) to determine t2 (Or 
et al., 2004; Evett, 2000). The results of the tangent line method 
are stable in repeated measurements, but the accuracy is limited for 
waveforms with biased shapes. An adaptive waveform interpretation 
with Gaussian filtering (AWIGF) model can be used for accurate 
analysis of long TDR sensors (Schwartz et al., 2014). In AWIGF, 
an adaptive Gaussian filter is used to smooth the waveforms, and 
the second-order derivative is calculated from smoothed waveforms. 
The local maxima of the second-order derivatives are used as t2. The 














æ ö÷ç ÷s = ç- ÷ç ÷çps sè ø
æ ö÷ç ÷¢ s =- ç- ÷ç ÷çps sè ø
  [1]
where g ¢(t,s) is the derivative of g(t;s), and s is scaled based on the 
first-order derivative of the TDR waveforms. The second-order 
derivative of a TDR waveform u(t), i.e., D2u, can be approximated 
in a convolution form:
( ) ( )2D ,u g t u t*¢¢= s   [2]
However, in some challenging cases, the smoothing effects can be 
undesirable, especially for short-probe TDR waveforms (Wang et 
al., 2014), where the magnitude of the local maximum associated 
with t2 is reduced. Relatively complicated searching methods are 
necessary to locate t2. Second-order bounded mean oscillation 
(BMO) was proposed to determine t2 for short-probe TDR sensors, 
where the Z2(u,t,r) operator directly converts the non-smoothed 
points of TDR waveforms to local maxima in the BMO domain, 
which is defined as (Wang et al., 2014)
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where r is the range of the integral, t and h are integration variables, 
and Z(u,t,r) can be written based on the approximation of modulus 
of gradient with a BMO operator (Chen et al., 2013), i.e.,
( ) ( ) ( )2
1 1
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The local maximum of Z2(u,t,r), corresponding to t2, can be 
detected with a tangent line/second-order BMO (TL-BMO) 
method described by Wang et al. (2016).
The AWIGF model was reported as an effective automatic analy-
sis method for relatively long-probe TDR waveforms (Schwartz 
et al., 2014), while the Z2(u,t,r) operator was reported as being 
effective on analyzing waveforms from relatively short-probe 
TDR sensors (Wang et al., 2014, 2016; Lu et al., 2016). Both 
of the methods are based on the second-order differentiation of 
TDR waveforms. Thus, AWIGF and Z2(u,t,r) should perform 
similarly for both long and short TDR probes, aside from some 
differences induced by certain detailed implementations men-
tioned by Wang et al. (2014). It is meaningful to further evaluate 
theoretically and experimentally the AWIGF and Z2(u,t,r) for 
both long-probe and short-probe TDR waveforms. Although 
AWIGF has been shown to be useful for many waveforms, it can 
over-smooth the signal for some challenging short-probe TDR 
waveforms. To improve the stability of AWIGF for short-probe 
TDR waveform analysis, an alternative corner preserving filter 
(CPF) was designed for testing.
The objectives of this study were to: (i) evaluate theoretically 
and experimentally the performance of AWIFG and Z2(u,t,r) 
for long- and short-probe TDR waveforms, including mathemati-
cal analysis and laboratory performance tests; and (ii) design a 
CPF and test its performance on challenging short-probe TDR 
waveforms. The second-order BMO and TL-BMO are two imple-
mentations of the Z2(u,t,r) operator. Throughout the theoretical 
study, the Z2(u,t,r) operator was studied directly, while TL-BMO 
was used in the laboratory tests.
 6Theory
Theoretical Evaluation of the Two Methods
The Z2(u,t,r) and AWIFG are each constructed by applying sec-
ond-order differential operators to the original waveforms and 
then choosing the appropriate local maxima of the differenti-
ated waveforms as t2. Thus, Z
2(u,t,r) should be consistent with 
AWIFG, i.e., both of the methods should provide similar interme-
diate quantities and final results. We will show that Z2(u,t,r) can 
approximate the absolute value of the second-order differentiation 
of u asymptotically.
Given a TDR waveform u(t), Z(u,t,r) can approximate the absolute 
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By using this result twice and the chain rule, we obtain

























Then we can approximate the second-order differentiation as
( )2 2
0
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Because AWIGF determines the approximated second-order deriv-
ative of u (Schwartz et al., 2014), both Z2(u,t,r) and AWIGF are 
methods based on the second-order differentiation of the original 
TDR waveforms, i.e., they are consistent with each other.
To complete the comparison between AWIFG and Z2(u,t,r), it is 
necessary to evaluate their smoothing effects. This comparison can 
be done by using a local BMO quantity, which we can define as
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The local BMO varies with respect to time and p indicates that 
p-norm was used in this operator. If p = 2, BMOp,loc(u,t,r) is actu-
ally the local standard deviation of the TDR waveforms. Here we 
chose p = 1 to be consistent with the definition of Z2(u,t,r).
It is expected that the smoothed TDR waveforms should have lower 
local BMO than the original waveforms. Consider a filter s(t) that 
satisfies 0 < s(t) £ 1 and ò 0
T s(t)dt = 1. The smoothed TDR wave-
form can be expressed as the convolution form u  = s * u, and T is 
the total measuring time for one TDR waveform. We can express 
the local BMO of the smoothed waveform using Young’s inequality:
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Using this result, we can rewrite AWIGF and Z2(u,t,r) into 
convolution forms with different filters. The Z2(u,t,r) contains a 
moving average filter, sZ(t), which averages the quantity
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with respect to time. For a signal f(t), the smoothing effect of sZ(t) 
can be characterized as
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where r is the radius of the filter. The Gaussian filter in AWIGF 
can be denoted as sG(t). To control the loss of information, the 
radius of the filter is related to s. We compared the Z2(u,t,r) and 
AWIGF on their effect of reducing the local BMO.
The Z(u,t,r) operator can be expressed in a convolution form with 
filter sZ(t):
( ) ( )Z Z
2
Z , ,u t r s s u
r
* *= d-  
where d is the Dirac function, and the convolution is based on the 
interval [x – r, x + r]. We then have
( ) ( ) ( )2 Z Z Z Z Z Z2
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Then we apply the local BMO on both sides:
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The leading coefficient is of the order O(r−2). In AWIGF, we use 
D(t) to denote the differential operator, such as the central differ-
ence, to obtain













where sG is the Gaussian filter defined in AWIGF. It is shown that 
the local BMO can be reduced with AWIGF as well as Z2(u,t,r) of 
the same order O(r−2).
Through the analysis, the consistency and smoothing effects of 
Z2(u,t,r) and AWIGF are presented. The mathematical process 
provides sufficient evidence that Z2(u,t,r) and AWIGF can per-
form equivalently for short- and long-probe TDR waveforms. The 
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evaluation of the performance of Z2(u,t,r) and AWIGF on long- 
and short-probe TDR waveforms is provided below.
Design of a Corner-Preserving Filter
Although AWIGF and Z2(u,t,r) are equivalent, they have some 
differences embedded in their implementations. Both AWIFG 
and Z2(u,t,r) can work equivalently well for a large number of 
short-probe waveforms (Wang et al., 2014). However, for some 
challenging waveforms, the smoothing strength of the Gaussian 
filter in AWIGF must be carefully controlled because AWIGF 
can reduce the magnitude of the local maxima in the second-order 
derivative associated with t2 such that the determination of t2 
becomes difficult (Wang et al., 2014). Because AWIGF constructs 
the filter based on the maximum of the first-order derivative of 
the TDR waveform u, the Gaussian filter in AWIGF can preserve 
the steeply increasing or decreasing portion of u associated with 
a large first-order derivative. However, t2 is associated with the 
second-order derivative. Thus, the Gaussian filter in AWIGF does 
not have the property to directly preserve t2 during the smooth-
ing. There exists, therefore, an opportunity to improve AWIGF’s 
performance by designing a new CPF based on the second-order 
derivative of the TDR waveforms.
To construct the CPF, we first introduce a general framework of 
waveform smoothing based on the total variation (TV) model. Let 
uI be the target smoothed waveform. The TV filter can be expressed 
as an optimization problem (Chambolle and Lions, 1997):
( )22min 
u
u u R u
à
à à- +  [8]
where ||u – u2
I2|| is a fidelity term to control the over-smoothing 
problem that measures the distance between the original wave-
form u and the target waveform uI, and R(uI) is a penalty term 
to control the noise. There are several possible choices for R(uI). A 
commonly used R(uI) is the Rudin–Osher–Fatmi model, where 
R(uI) = ||DuI||1 (Rudin et al., 1992). The 1-norm of the first-
order derivative can reduce the local variation on the flat parts 
of the waveform and causes “stair effects” on the edges of the 
waveform. Because a TDR waveform filter should preserve the 
second-order derivative of u near t2, we need to choose R(u
I) 
related to the second-order derivative of the waveform. Chan et al. 
(2000) reported several constructions of R(uI) based on second-
order derivatives of a waveform, and Lysaker et al. (2003) and You 
and Kaveh (2000) studied the minimization problem in Eq. [8] 
by formulizing it into a fourth-order partial differential equation.
Suppose R(uI) = òT f(D
2uI)dt, and f is a positive increasing 
function (You and Kaveh, 2000). The Euler–Lagrange equation 
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If we define the diffusion coefficient as a positive monotonically 
decreasing function, c(s) = f ¢(s)/s, then Eq. [9] can be written as
( )2 2 2D D D 0c u uà àé ù =ê úë û  [10]
or in a gradient descent form:
( )2 2 2D D Du c u ut
à
à à¶ é ù=- ê úë û¶
 [11]
We chose the diffusive coefficient as c(s) = 1/(1 + s2/k2), and k is 
a tuning parameter in this model that balance the preserving and 
smoothing effect of the filter for TDR waveforms dependent on 
the shape of the TDR waveforms. Equation [11] is our proposed 
CPF. The convergent results of gradient descent iteration based on 
Eq. [11] will be the solution of Eq. [10]. There is no specific method 
to determine k; however, it is possible to find an appropriate k 
value that is suitable for a range of TDR waveforms. For example, 
we used k = 0.1 in this study, and k should be set as a variable in 
other implementations.
The mathematical formulation of our proposed CPF corresponds 
to a fourth-order partial differential equation. We note that based 
on the Perona–Malik model, the Gaussian filter in AWIGF asymp-
totically approaches a second-order partial differential equation 
(Perona and Malik, 1990). Thus, the CPF described here is essen-
tially different from the Gaussian filter in the AWIGF algorithm 
(Schwartz et al., 2014).
The CPF can be implemented by numerically solving Eq. [11], 
with the measured waveform as the initial condition. The solu-
tion of Eq. [11] will be the waveform after smoothing. The CPF 
can easily be embedded in the AWIGF model by replacing the 
original Gaussian filter. In the following experimental tests, an 
AWIGF model with a CPF was designed based on the Schwartz 
et al. (2014) algorithm. We use AWIGF(Gaussian) to denote the 
original AWIGF model, and we use AWIGF(CPF) to denote the 
AWIGF model with the new CPF.
 6Methods and Materials
First, TDR waveforms measured in soil are used as examples to 
test the CPF filter. Because the CPF is designed to improve the 
AWIGF performance on short-probe TDR sensors, we only pro-
vide short-probe waveform examples. Second, measurements on 
various CaCl2 solutions were used to evaluate the performance of 
AWIGF and Z2(u,t,r) on both long- and short-probe TDR sensors.
Soil Measurements
A total of 180 waveforms were collected with short-probe TDR 
sensors in a Nicollet soil sample (a fine-loamy, mixed, superac-
tive, mesic Aquic Hapludoll, with a bulk density of 1.2 g cm−3) 
and an Ida soil sample (a fine-silty, mixed, superactive, calcareous, 
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mesic Typic Udorthent, with a bulk density of 1.2 g cm−3) with a 
range of water contents. The short-probe TDR sensors had three 
40-mm-long and 1.3-mm-diameter stainless steel cylinders with 
6-mm spacing. The probes were connected via 75-W coaxial cables 
(RG-187A/U) to a Tektronix 1502B cable tester. The 75-W cables 
have less high-frequency loss than 50-W cables and consequently 
are helpful for better waveform interpretation. The TDR sensors 
were calibrated in air and water, and the calibration was applied 
independently to the experiments of this study. The actual gravi-
metric water content of each soil sample was measured with the 
oven-dry method and converted to qv as reference values to com-
pare with the TDR results.
Calcium Chloride Solution Measurements
The electrical conductivity (EC) values created by the CaCl2 
solutions were 0, 1, 3, and 5 dS m−1, monitored with an EC meter 
(HI 4522, Hanna Instruments). Electrical conductivity is one 
of the factors that can affect the shape of TDR waveforms but 
has little or no influence on the permittivity for small changes 
in the concentration of dilute (<30 mM) ionic solutions. Thus, 
analyzing the long- and short-probe TDR waveforms with a 
range of EC values permits evaluation of the efficiency and sta-
bility of the algorithms. The long-probe TDR sensor had three 
150-mm-long, 3-mm-diameter stainless steel rods with 30-mm 
spacing and the short-probe TDR sensor was of the same design 
as described above. The probes were connected via 75-W coaxial 
cables (RG-187A/U) to a Tektronix 1502B cable tester. The 
TDR sensors were calibrated in air and water. In CaCl2 solution 
measurements, t1 = 1.86 ns for the short-probe sensor, while for 
the long-probe sensor, t1 = 1.48 ns. Gaussian noise of 0.1, 0.2, 0.5, 
1, 2, and 5% magnitude (0.0864, 0.1720, 0.4238, 0.8279, 1.5836, 
and 3.5218 dB) was added to the waveforms. The waveforms for 
all of the noise levels were analyzed with AWIGF(Gaussian), 
AWIGF(CPF), and TL-BMO to evaluate the consistency and 
stability of the three models.
The stability among the three models can be characterized based 
on the er values. The variation of er values can be evaluated using 
the standard deviation (SD) for different EC values and different 
noise levels. The smaller the SD value of the results, the more stable 
the numerical model. The formulas of SD are shown as follows: Let 
er(i,j,k) be the er value of each measurement, where i = 1, 2, 3, 4 is 
the four EC values, j = 1, 2, …, 6 is the six noise levels, and k = 1, 2, 
…, n is the index for replications. Then the SD of er with a specific 
EC and noise level is defined as
( ) ( ) ( )
2
r r , , r , ,
1 1
SD i j k i j k
k kn n
é ù
ê úe = e - eê ú
ë û
å å  [12]
To compare the stability of the three models across different ECs 
and noise levels, we further define the SD for a given EC (at all 
noise levels) as
( ) ( ) ( )
2
r r , , r , ,
1 1 1
SD
6 i j k i j kj k kn n
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and the SD for a given noise level (averaged across all EC values) as
( ) ( ) ( )
2
r r , , r , ,
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SD
4 i j k i j ki k kn n
é ù
ê úe = e - eê ú
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 6Results and Discussion
We first provide examples to demonstrate the effectiveness of the 
CPF for AWIGF model in short probe TDR waveforms. Then we 
present the analyzed results of CaCl2–solution waveforms for both 
long and short TDR sensors, from which we discuss the stability 
of the AWIGF(Gaussian), AWIGF(CPF), and TL-BMO models.
Results of Soil Measurements
Two example waveforms are presented in Fig. 1, associated with the 
Z2(u,t,r) results. Figures 1a and 1b present the original waveform 
and the results of Z2(u,t,r) using TL-BMO for an Ida soil with a 
water content of 0.13 m m−3. We set t1 = 0.834 ns. The t2 calcu-
lated with Z2(u,t,r) using TL-BMO is 1.554 ns. Figure 1c shows 
the waveform for the Ida soil with a water content of 0.37 m m−3, 
and the Z2(u,t,r) result is shown in Fig. 1d. The t1 = 0.720 ns. The 
t2 from TL-BMO is 2.081 ns. These waveforms are considered to 
be challenging because they are measured with short-probe TDR 
sensors: the t0 locates near t1 and t2 due to multiple reflections 
and the superposition of reflections along the short probe, and the 
oscillations in the second-order derivatives of the waveform caused 
by noise have magnitudes as the magnitude of local maxima associ-
ated with t2 (also see Fig. 2a and 2d). The CPF should adaptively 
remove the oscillations caused by the noise.
Figure 2 presents the smoothing effects of the proposed CPF and 
the Gaussian filter in AWIGF on the second-order derivatives 
of the TDR waveforms. The red dashed lines represent the ref-
erence t2 values determined with TL-BMO. Figures 2a and 2d 
present the second-order derivatives calculated from the original 
TDR waveforms corresponding to Fig. 1a and 1c. Figures 2b and 
2e show the second-order derivatives determined from the TDR 
waveforms smoothed by the CPF filter. We set k = 0.1 in the dif-
fusion coefficient. The oscillations of the second-order derivative 
caused by the noise are eliminated, and the local maxima near 
the reference t2 are preserved. Figures 2c and 2f show the second-
order derivatives determined from the TDR waveforms smoothed 
by AWIGF(Gaussian). The local maxima associated with t2 are 
reduced significantly as well as the oscillations caused by the noise. 
Although there are still peaks in the second-order derivative curves 
near the reference t2, the peaks are weak, and a sensitive algorithm 
is required to detect t2. Based on the example, the CPF, which is 
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not as strong as the Gaussian filter in AWIGF, can smooth the 
TDR waveforms while preserving the second-order differentiation 
of the waveforms adaptively near t2. Thus, the CPF can be used as 
an alternative filter in the AWIGF model.
Figure 3 presents a comparison of er and qv values estimated from 
short-probe waveforms by the AWIGF(Gaussian), AWIGF(CPF), 
and TL-BMO models with known reference water content values 
(Fig. 3a and 3b), with the error bars representing the ±1 standard 
deviations. The figure also shows the magnitude of the second-
order derivative values of each waveform corresponding to t2 (Fig. 
3c). The er values in Fig. 1a were converted to qv using the Topp et 
al. (1980) equation. The mean TDR water content values for all 
three models match the reference qv well, and the mean qv values 
for all three models are similar. In Fig. 3c, the data are sorted 
based on a decreasing order of the second-order derivative values 
at t2 with AWIGF(Gaussian). In general, both AWIGF(Gaussian) 
and AWIGF(CPF) provide qv values similar to the TL-BMO 
values. However, the magnitudes of the second-order derivative 
at t2 with AWIGF(CPF) are larger than the magnitudes with 
AWIGF(Gaussian). For these waveforms, the larger magnitude 
second-order derivative values with AWIGF(CPF) make the iden-
tification of t2 easier than with AWIGF(Gaussian). Thus, filtering 
with the CPF may make it possible to improve the effectiveness 
of AWIGF for some challenging waveforms measured with short-
probe TDR sensors.
Results of Calcium Chloride 
Solution Measurements
Figure 4 shows example waveforms for CaCl2 solutions of 0, 1, 3, 
and 5 dS m−1 with long and short TDR sensors. Propagation times 
should remain similar for waveforms in all of the different CaCl2 
solutions; however, the shapes of the waveforms vary due to the 
different EC values. The attenuation on the curvature of the TDR 
waveforms after t0 in solutions with relatively large ECs induces 
difficulties in determining the t2 and er values.
Figure 5 shows the means and SD values of er for long and short 
TDR sensors for different EC and noise levels. The changes in 
the mean values with respect to different ECs and noise levels are 
Fig. 1. (a) Waveform of Ida silt loam with a water content of 0.13 m3 m−3, and (b) the second-order bounded mean oscillation (BMO) [Z2(u,t,r)] 
result; (c) waveform of Ida silt loam with a water content of 0.37 m3 m−3, and (d) the Z2(u,t,r) result. The vertical red lines mark the second reflection 
position (t2) value for the waveforms.
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Fig. 2. The second-order derivative (a) without filtering, (b) with corner-preserving filter (CPF), and (c) with adaptive waveform interpretation with 
Gaussian filtering (AWIGF) of the waveform in Fig. 1a; (d) the second-order derivative without filtering, with (e) CPF, and with (f ) AWIGF of the 
waveform in Fig. 1b. The vertical red dash lines mark the reference second reflection position (t2) values calculated with tangent line/second-order 
bounded mean oscillation.
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shown, and the shaded areas represent the SDs of the given EC 
or noise level following the definitions in Eq. [13] and [14]. The 
mean values of TL-BMO and AWIGF(CPF) are consistent with 
each other, i.e., they are of the same scale and comparable. The SD 
values increase with respect to the noise level but remain similar 
across different EC values. In general, the SD of er is <5%. The 
results indicate the stability of the TL-BMO and AWIGF(CPF) 
models under noise with a variety of magnitudes.
Generally, the AWIGF(Gaussian) results have smaller SD values 
than the TL-BMO and AWIGF(CPF) models. A reason for the 
smaller SD values is that the Gaussian filter in AWIGF(Gaussian) 
is stronger than the CPF (see Fig. 2). A stronger filter tends to 
capture the large-scale characters of the waveforms. In these labo-
ratory tests, for the same EC and noise level, the waveforms have a 
similar large-scale pattern, and that causes individual waveforms to 
become similar after the smoothing procedure with the Gaussian 
filter. However, TL-BMO and AWIGF(CPF) smoothing is based 
on the local properties of individual waveforms, i.e., their filters 
Fig. 3. A comparison of short-probe waveform analysis (a) mean rela-
tive permittivity (er) and (b) volumetric soil water content (qv) results 
among tangent line/second-order bounded mean oscillation (TL-
BMO), the original adaptive waveform interpretation with Gaussian 
filtering model [AWIGF(Gaussian)], and the AWIGF model with the 
corner-preserving filter [AWIGF(CPF)] with respect to qv estimated 
by the oven-dry method, with error bars representing ±1 standard 
deviations; and (c) the magnitude of second-order derivative values of 
each waveform corresponding to the second reflection position (t2).
Fig. 4. (a) Waveforms measured with (a) a short-probe time domain 
reflectometry (TDR) sensor and (b) a long-probe TDR sensor in 
CaCl2 solutions with four different electrical conductivity (EC) values.
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are adaptive to different waveforms and different portions within 
one waveform, and they especially preserve the neighborhoods near 
t2. That maintains the variations of t2 and er within each noise 
level and EC value, and relatively large SD values are obtained. On 
the other hand, a strong Gaussian filter may reduce the impor-
tance of the local-scale information near t2. With the relatively 
large attenuation of curvature near t2 in large EC solutions and 
the relatively large noise occurring near t2, the positions of t2 may 
be shifted. Thus, the SD of er for AWIGF(Gaussian) across dif-
ferent EC values and different noise levels are larger than those 
for TL-BMO and AWIFG(CPF), especially for short-probe sen-
sors. These results show that the advantage of an adaptive filter is 
that it maintains the local-scale information and localizes t2 for 
individual waveforms, while the AWIFG(Gaussian) captures the 
large-scale information and performs stably for a sequence of simi-
lar waveforms, even with outliers.
In general, for long-probe TDR waveforms, all three models pro-
vide consistent and stable results. For short-probe TDR waveforms, 
AWIGF(Gaussian) shows a relatively large bias of the results for 
different ECs. However, equipped with a CPF, the performance of 
AWIGF is improved, and AWIGF(CPF) produces results similar 
to TL-BMO. Thus, to achieve a smaller variance for long-probe 
TDR waveform analysis, AWIGF(Gaussian) is recommended, 
while for short-probe waveforms, AWIGF(CPF) and TL-BMO 
are recommended due to the small bias of the results compared 
with AWIGF(Gaussian).
 6Conclusions
The Z2(u,t,r) method uses the local maximum of a second-order 
BMO operator to determine t2, while AWIGF calculates t2 based 
on second-order derivative curves of smoothed TDR waveforms. 
In this study, we performed both theoretical and experimental 
analyses of AWIGF and Z2(u,t,r), and an alternative CPF was 
tested with AWIGF. Laboratory experiments verified the effec-
tiveness and stability of the Z2(u,t,r) implemented by TL-BMO, 
AWIGF(CPF), and AWIGF(Gaussian) models on long-probe TDR 
Fig. 5. The change in mean relative permittivity (er) of (a) long-probe waveforms and (b) short-probe waveforms with respect to the electrical con-
ductivity (EC), with shaded areas showing the SD for specific EC values, and the change in mean er of (c) long-probe waveforms and (d) short-probe 
waveforms with respect to noise level, with shaded areas showing the SD for specific noise levels, among tangent line/second-order bounded mean 
oscillation (TL-BMO), the original adaptive waveform interpretation with Gaussian filtering model [AWIGF(Gaussian)], and the AWIGF model with 
the corner-preserving filter [AWIGF(CPF)].
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waveforms, but for short-probe TDR waveforms, the performance of 
AWIGF(Gaussian) could be improved by using the alternative CPF. 
Then, Z2(u,t,r) and AWIGF could be used effectively and accurately 
on both long-probe and short-probe TDR waveforms.
Theoretical analysis and measurements in CaCl2 solutions are the 
bases of this study. Values of t2 and er for soil at a range of water 
contents are presented as examples. Further investigation of the 
models on a variety of soil types is recommended. Moreover, based 
on the advantages of the three models, it may be possible in the 
future to design a generalized and heuristic model to fit any TDR 
waveform (Takahashi et al., 2010; Lu et al., 2012a, 2012b, 2014).
Acknowledgments
This work was supported by the National Science Foundation under Grant 1623806, USDA-
NIFA, Multi-State Project 3188, Iowa State University Department of Agronomy, the Hatch 
Act, and State of Iowa funds.
References
Chambolle, A., and P.L. Lions. 1997. Image recovery via total varia-
tion minimization and related problems. Numer. Math. 76:167–188. 
doi:10.1007/s002110050258
Chan, T., A. Marquina, and P. Mulet. 2000. High-order total varia-
tion-based image restoration. SIAM J. Sci. Comput. 22:503–516. 
doi:10.1137/S1064827598344169
Chen, Y., Z. Wang, and K. Zhang. 2013. Approximations for modulus of 
gradients and their applications to neighborhood filters. Front. Math. 
China 8:761–782. doi:10.1007/s11464-013-0297-7
Evett, S.R. 2000. The TACQ computer program for automatic time domain 
reflectometry measurements: II. Waveform interpretation methods. 
Trans. ASAE 43:1947–1956. doi:10.13031/2013.3100
Heimovaara, T.J., J.A. Huisman, J.A. Vrugt, and W. Bouten. 2004. Obtain-
ing the spatial distribution of water content along a TDR probe us-
ing the SCEM-UA Bayesian inverse modeling scheme. Vadose Zone J. 
3:1128–1145. doi:10.2136/vzj2004.1128
Kojima, Y., J.L. Heitman, G.N. Flerchinger, T. Ren, R.P. Ewing, and R. Hor-
ton. 2014. Field test and sensitivity analysis of a sensible heat bal-
ance method to determine soil ice contents. Vadose Zone J. 13(9). 
doi:10.2136/vzj2014.04.0036
Lu, Y., X. Liu, J. Heitman, R. Horton, and T. Ren. 2016. Determining 
soil bulk density with thermo-time domain reflectometry: A ther-
mal conductivity-based approach. Soil Sci. Soc. Am. J. 80:48–54. 
doi:10.2136/sssaj2015.08.0315
Lu, S., D. Liu, and J. Sun. 2012a. A distributed adaptive GSC beamformer 
over coordinated antenna arrays network for interference mitigation. 
In: 2012 Conference Record of the 46th Asilomar Conference on Sig-
nals, Systems and Computers (ASILOMAR), Pacific Grove, CA. 4–7 Nov. 
2012. IEEE, New York. p. 237–242. doi:10.1109/ACSSC.2012.6488997
Lu, S., V.H. Nascimento, J. Sun, and Z. Wang. 2014. Sparsity-aware adap-
tive link combination approach over distributed networks. Electron. 
Lett. 50:1285–1287. doi:10.1049/el.2014.2036
Lu, S., J. Sun, G. Wang, and J. Tian. 2012b. A novel GSC beamformer using a 
combination of two adaptive filters for smart antenna array. IEEE Anten-
nas Wireless Propag. Lett. 11:377–380. doi:10.1109/LAWP.2012.2192250
Lysaker, M., A. Lundervold, and X. Tai. 2003. Noise removal using fourth-
order partial differential equation with applications to medical mag-
netic resonance images in space and time. IEEE Trans. Image Process. 
12:1579–1590. doi:10.1109/TIP.2003.819229
Noborio, K. 2001. Measurement of soil water content and electrical con-
ductivity by time domain reflectometry: A review. Comput. Electron. 
Agric. 31:213–237. doi:10.1016/S0168-1699(00)00184-8
Or, D., S.B. Jones, J.R. Van Shaar, S. Humphries, and L. Koberstein. 2004. 
User’s guide WinTDR. Version 6.1. Utah State Univ., Logan.
Oswald, B., H.R. Benedickter, W. Bauchtold, and H. Flühler. 2003. Spatially 
resolved water content profiles from inverted time domain reflectom-
etry signals. Water Resour. Res. 39:1357. doi:10.1029/2002WR001890
Perona, P., and J. Malik. 1990. Scale space and edge detection using 
anisotropic diffusion. IEEE Trans. Pattern Anal. Mach. Intell. 12:629–639. 
doi:10.1109/34.56205
Ren, T., Z. Ju, Y. Gong, and R. Horton. 2005. Comparing heat-pulse 
and time domain reflectometry soil water contents from thermos-
time domain reflectometry probes. Vadose Zone J. 4:1080–1086. 
doi:10.2136/vzj2004.0139
Roth, K., R. Schulin, H. Flühler, and W. Attinger. 1990. Calibration of 
time domain reflectometry for water content measurement using 
a composite dielectric approach. Water Resour. Res. 26:2267–2273. 
doi:10.1029/WR026i010p02267
Rudin, L.I., S. Osher, and E. Fatemi. 1992. Nonlinear total variation based 
noise removal algorithms. Physica D 60:259–268. doi:10.1016/0167-
2789(92)90242-F
Schwartz, R.C., J.J. Casanova, J.M. Bell, and S.R. Evett. 2014. A reevalua-
tion of time domain reflectometry propagation time determination in 
soils. Vadose Zone J. 13(1). doi:10.2136/vzj2013.07.0135
Takahashi, N., I. Yamada, and A. Sayed. 2010. Diffusion least-mean squares 
with adaptive combiners: Formulation and performance analysis. IEEE 
Trans. Signal Process. 58:4795–4810. doi:10.1109/TSP.2010.2051429
Tian, Z., J. Heitman, R. Horton, and T. Ren. 2015. Determining soil ice con-
tents during freezing and thawing with thermo-time domain reflec-
tometry. Vadose Zone J. 14(8). doi:10.2136/vzj2014.12.0179
Topp, G.C., J.L. Davis, and A.P. Annan. 1980. Electromagnetic determina-
tion of soil water content: Measurement in coaxial transmission lines. 
Water Resour. Res. 16:574–582. doi:10.1029/WR016i003p00574
Wang, Z., Y. Kojima, S. Lu, Y. Chen, R. Horton, and R.C. Schwartz. 2014. 
Time domain reflectometry waveform analysis with second-or-
der bounded mean oscillation. Soil Sci. Soc. Am. J. 78:1146–1152. 
doi:10.2136/sssaj2013.11.0497
Wang, Z., Y. Lu, Y. Kojima, S. Lu, M. Zhang, Y. Chen, and R. Horton. 2016. Tan-
gent line/second-order bounded mean oscillation waveform analysis 
for short TDR probe. Vadose Zone J. 15(1). doi:10.2136/vzj2015.04.0054
You, Y.L., and M. Kaveh. 2000. Fourth-order partial differential equa-
tions for noise removal. IEEE Trans. Image Process. 9:1723–1730. 
doi:10.1109/83.869184
View publication stats
